Abstract The relative rank rank(S : A) of a subset A of a semigroup S is the minimum cardinality of a set B such that A ∪ B = S. It follows from a result of Sierpiński that, if X is infinite, the relative rank of a subset of the full transformation semigroup T X is either uncountable or at most 2. A similar result holds for the semigroup B X of binary relations on X.
Introduction
For a semigroup S and a set A ⊆ S the relative rank of S modulo A is the minimum cardinality of a set B such that A ∪ B generates S; we denote this by rank(S : A). We also allow ourselves to call this the relative rank of A in S. In [8] the authors showed that if we take S = T X , an infinite full transformation semigroup, then the relative rank of S modulo A is 2 in the cases where A is either the full symmetric group or the set of all idempotents of S. On the other hand, if A is itself a countable set and A ∪ B generates T X , then B must be uncountable as T X is itself uncountable. This prompts the question as to whether it is possible to find a subset A of T X which is of countable relative rank greater than 2. Surprisingly, the answer is 'no'. That conclusion can be deduced from Proposition 1.1, first proved by W. Sierpiński in 1935 [10] . A simpler proof was immediately furnished however by Stefan Banach [1] . Nonetheless, this result seems not widely known, as is evidenced by the fact that the often quoted result of Evans [2] , published in 1952, that any countable semigroup can be embedded in a two-generator semigroup, follows at once from Sierpiński's result. For that reason, and in order to make the paper more self-contained, we reproduce the short proof of Banach.
Throughout this paper, for a set X, T X denotes the full transformation semigroup on X, I X denotes the inverse semigroup of all partial bijections on X, B X denotes the semigroup of all binary relations on X, and mappings and relations are written on the right. For standard definitions and more information see [7] . Proposition 1.1. (Sierpiński) Let X be an infinite set. Then any countable subset S of T X is contained in a two-generated subsemigroup of T X .
Proof . (Banach) Let the countably many members of S be θ 1 , θ 2 , . . . . Partition X into a countable disjoint union of infinitely many sets X 0 , X 1 , . . . , X n , . . . , all of the same cardinality as X, and similarly partition X 0 into X 0,1 , X 0,2 , . . . , X 0,n , . . . , again all of the same size as the parent set X.
Let β ∈ T X be any mapping that maps X n bijectively onto X n+1 for all n ∈ N ∪ {0}. Our second mapping γ ∈ T X maps X n bijectively onto X 0,n for all n ≥ 1. Although we have yet to define γ on X 0 , we see that the mapping δ n = βγβ n γ is a well defined bijection of X onto X 0,n . We may therefore complete the definition of γ by putting xδ n γ = xθ n , (x ∈ X). Since θ n = δ n γ we obtain the factorisation
'et le théorème de M. Sierpiński est démontré.' Corollary 1.2. The relative rank of a subset S of T X , where X is infinite, is either uncountable or at most 2.
Also, since every semigroup S embeds in T S 1 , we immediately have the theorem of Evans [2] : Corollary 1.3. Every countable semigroup is embeddable in a two-generated semigroup.
Before continuing further we introduce the analogues of some standard properties of maps in terms of relations. We call a relation α ∈ B X injective if for every distinct pair x, y ∈ dom(α) we have xα ∩ yα = ∅. For β ∈ B X , if im(β) = X then we call the relation surjective. As in [8] , where the infinite contraction index is used as a means of distinguishing permutations from maps which are not permutations, we require a property of relations that distinguish maps from relations which are not maps. To this end, for an arbitrary relation α ∈ B X , we define the infinite expansion index to be the cardinality of the set P (α) = {x ∈ dom(α) : |xα| = |X|} , and we denote this cardinal by p(α). It is easy to see that p(α) = 0 for any α ∈ T X . Further properties of relations are discussed in Section 3. The analogue of Sierpiński's result for countable subsets of the semigroup of all binary relations can be proved using Banach's argument.
Proof . The proof of this proposition is identical to the proof of Proposition 1.1. Note, however, that, since θ n ∈ B X , the definition xδ n γ = xθ n (x ∈ X) makes γ, in general, not a function.
As in Corollary 1.2, we obtain Corollary 1.5. The relative rank of B X modulo any subset S is either uncountable or at most 2.
It has also long been known that any countable group may be embedded in a twogenerated group [6] . In 1995 Fred Galvin explicitly proved the analogue of Sierpiński's result for groups when he showed in [3, Theorem 3.3] that every countable subset A of the symmetric group S X on an infinite base set X is contained in a two-generated subgroup of S X . If the two group generators are a and b, say, it follows immediately that A is contained in the subsemigroup of S X generated by the three elements a, b, and a −1 b −1 . Galvin goes on, however, to prove that the containing subsemigroup can also be taken to be two-generated as he shows how to ensure that the group generators a and b can have any prescribed orders p and 2q, provided that p is at least 3 and q is at least 2. (See [3, Theorem 4.3] .) The same paper contains the following result: Proposition 1.6. [3, Theorem 5.8] The relative rank of a subset S of S X , where X is infinite, is either uncountable or at most 1.
In view of Corollaries 1.2 and 1.5 it is natural to ask for necessary and sufficient conditions for a subset S to be of countable relative rank in T X or B X . A sufficient condition is supplied by the following proposition. Proposition 1.7. Suppose that S is a subset of T X (respectively, B X ) and that there exist two disjoint subsets Y, Z of X each with the same cardinality as X and such that:
(Q) for every bijection θ from Y to Z there exists α ∈ S such that the restriction α Y = θ.
Then rank(T X : S) ≤ 2 (respectively, rank(B X : S) ≤ 2).
Proof . Let S Y,Z denote the set of all bijections from Y to Z. Let S ⊆ T X be a set with the property (Q), and partition
Let α be any bijection from X to Y 1 and let β ∈ T X be any mapping such that for all x ∈ X the set {z ∈ Z 1 : zβ = x} has cardinality |X|. Let γ ∈ T X be arbitrary. Then there exists an injective mapping δ from Y 1 to Z 1 such that xδ ∈ xα −1 γβ −1 . We may extend δ to an element δ of S Y,Z . By the assumption (Q) there exists ∈ S such that Y = δ. It follows that α β = αδβ = γ and so T X = S, α, β .
Let S ⊆ B X have the property (Q). Let α ∈ B X be an injective relation with P (α) = X and im(α) = Y 1 . Let β be any partial mapping such that dom(β) = Z 1 and for all y ∈ X the set yβ −1 = {z ∈ Z 1 : zβ = y} has cardinality |X|. The sets yβ −1 are disjoint, since β is a partial mapping, and each yβ −1 can be indexed by the set X:
Thus Z 1 = dom(β) can be indexed by X × X:
and z x,y = z x ,y if and only if x = x and y = y . Consider an arbitrary γ in B X . For each x in X denote xα by D x , and let E x = {z x,y : y ∈ xγ}. Since |D x | = |X| and |E x | = |xγ| ≤ |X|, there is a partial injection
∈ im(γ), then δ x is the empty mapping.) Since the sets D x (x ∈ X) and the sets E x (x ∈ X) are disjoint, the mapping δ = x∈X δ x is a partial injection from Y 1 into Z 1 . Also, since |Y \ dom(δ )| = Z \ im(δ )| = |X|, we may extend δ to a bijection δ : Y → Z in such a way that (Y \ dom(δ ))δ ⊆ Z 2 . Now, as before, let ∈ S be such that Y = δ. Then, for each x in X we have that
where F X ⊆ Z 2 . Hence xα β = {z x,y : y ∈ xγ}β = xγ. Thus γ = α β, and so B X = S, α, β as required.
The next result shows that the sufficient Condition (Q) of Proposition 1.7 is not necessary for the relative rank to be countable.
Let N = {1, 2, . . . } taken in the natural order. A mapping α ∈ T N is order preserving if it satisfies the condition that i ≤ j implies iα ≤ jα for all i, j ∈ N. The set of all order preserving mappings on N forms a subsemigroup O N of T N . Proof . Given any two equicardinal subsets Y, Z of N, there is a unique order preserving bijection from Y onto Z, and so O N fails Condition (Q).
Since O N = T N , the relative rank of O N is at least 1. To show that it is exactly 1, let γ ∈ T N , and let δ be any mapping such that for each n ∈ N the set {i ∈ N : iδ = n} is infinite. For each k in N, select an element k in (kγ)δ −1 in such a way that k < (k + 1) for all k. Then ∈ O N , and δ = γ.
For a semigroup S, two elements x, y ∈ S are said to be J -related if
It is easy to see that J is an equivalence relation. It is well known (see [7] ) that two elements α and β of T X are J -related if and only if | im(α)| = | im(β)|. Let J denote the set of all elements of T X with image size equal to |X|. Since any factorisation of a member α ∈ J involves only members of J and since J has the same cardinality as T X , it follows that the cardinality of the intersection with J of any subsemigroup S of T X of countable relative rank must be equal to the cardinality of T X . In other words, |S ∩ J| = |T X |. In fact the following stronger statement holds: Proposition 1.9. If S is a subset of T X of countable relative rank, and if U is any subset of T X such that every injective restriction of an element of S ∩J is also a restriction of an element of U , then |U | = |T X |.
Proof . Suppose that A is a countable subset of T X such that S ∪ A = T X . Take any π ∈ S X . Then π = θ 1 θ 2 · · · θ n where each θ i lies in S ∪ A. Since π ∈ J it follows that θ i ∈ J and θ i is injective on the set T = Xθ 1 · · · θ i−1 (where the product is taken to be the identity mapping in the case i = 1). By assumption, there exists ξ i in U such that ξ i T = θ i T , and so π = θ 1 . . . θ i−1 ξ i θ i+1 . . . θ n . Replacing each θ i in S by an element ξ i of U , we express π as a product of mappings from U ∪ A. Thus S X ⊆ U ∪ A . Since A is countable, and since
Example 1.10. Let X be the disjoint union of two infinite countable sets Y and Z. Let S be the subsemigroup
of T X , where 1 Z denotes the partial identity map with domain Z. Then S ⊆ J and S is uncountable. We shall show that S is of uncountable relative rank in T X by verifying that there exists a set U , as in Proposition 1.9, that is countable. Now the kernel transversals T of members of S each have the form Z ∪ Y , where Y is a finite subset of Y and so the set of kernel transversals of members of S is countable. Moreover, for each such kernel transversal T there are only countably many mappings α T (α ∈ S). Hence there exists a countable subset U of T X such that every injective restriction of an element of S is also a restriction of an element of U . Therefore S is of uncountable relative rank in T X by Proposition 1.9.
The necessary condition on S of Proposition 1.9 is not, however, sufficient for a subsemigroup S of T X to be of countable relative rank. This will follow from Proposition 2.4 of the next section.
Dominated Subsets
We define a partial order ≤ on the elements of T N so that for any α, β ∈ T N we write α ≤ β if iα ≤ iβ for all i ∈ N. For subsets S, U ⊆ T N we write S ≺ U if for each σ ∈ S there exists µ ∈ U such that σ ≤ µ. The relation ≺ is not a partial order. It is a quasi-order, being reflexive and transitive, but, for example, if
We say that a subset S of T N is dominated (by U ) if there exists a countable set U ⊆ T N such that S ≺ U . Given σ in S and a function µ such that σ ≤ µ , we can always replace µ by µ , defined inductively by 1µ = 1µ, (n + 1)µ = max{ nµ + 1, (n + 1)µ } .
Thus we may assume that every function in the dominating set U is strictly monotonically increasing. We remark that T N itself is not dominated. Proof . It is clear that
Corollary 2.2. Any dominated subset S of T N is of uncountable relative rank.
Proof . Let U be any countable subset of T N such that S ≺ U , and let V denote an arbitrary countable subset of T N . Then it is clear that S ∪ V ≺ U ∪ V and hence by Theorem 2.1 we have S ∪ V ≺ U ∪ V , and S ∪ V is dominated. Since T N is not dominated, it follows that S ∪ V = T N for every countable V .
Next, we introduce an equivalent characterisation of dominated subsets.
Lemma 2.3. A subset S ⊆ T N is dominated if and only if there exists a function
κ ∈ T N such that for all σ ∈ S we have iσ ≤ iκ for all but finitely many i ∈ N.
Proof . (⇐) As observed above, we may assume that κ is strictly increasing. We begin by observing that for each α ∈ S there exists M α ∈ N such that for any j ≤ M α we have jα ≤ M α κ. Indeed, there are only finitely many i ∈ N such that iα > iκ, and so we may find the maximum such iα, which we denote by N . Since κ is monotonic increasing there exists M α such that M α κ ≥ N , and it is easy to see that this M α has the desired properties. We define a countable set of functions K = {κ i : i ∈ N} as follows:
Then for arbitrary α ∈ S we have α ≤ κ Mα , and hence S ≺ K.
(⇒) Let {κ i : i ∈ N} denote any set which dominates S. Define nκ = n i=1 nκ i . Then for any σ ∈ S there exists κ r such that nσ ≤ nκ r for all n ∈ N. Hence for n ≥ r we have
and hence κ has the required property.
We shall refer to a function with the properties of κ in the above proof as a dominating function.
A mapping α ∈ T N is called a contraction if it satisfies the condition that |iα − jα| ≤ |i − j| for all i, j ∈ N. Equivalently, α is a contraction if it maps intervals to intervals. Let C denote the semigroup of all contractions in T N . We now show that C satisfies the condition of Proposition 1.9. To see this, let M = {1, 3, 5, 7, . . . }. We show that there are |T N | injections from M into N which are restrictions of mappings in C ∩ J. Let σ = ( 1 , 2 , . . . ) be a sequence of 0s and 1s. Define α σ : M → N by
Clearly there are 2 |N| = |T N | mappings α σ . On the other hand, α σ = β σ M , where β σ ∈ C ∩ J is defined by
Despite this we have
Proposition 2.4. The monoid C of all contractions in T N is of uncountable relative rank.
Proof . By Corollary 2.2 and Lemma 2.3 it remains only to observe that C has a dominating function κ where nκ = n 2 . This follows from the definition of a contraction, since for any α ∈ C we have nα ≤ 1α + (n − 1) ≤ n 2 for all sufficiently large n.
As introduced above, the notion of a dominated subset S of T N is only with respect to the natural well-ordering of N. However, we note that it is possible to show that the property of being a dominated subset is maintained if we take another well-ordering of N which is isomorphic to the natural ordering.
Theorem 2.5. If a subset S of T N is dominated with respect to the natural wellordering of N, then S is dominated with respect to every isomorphic well-ordering of N.
Proof . We assume that S is dominated by the set U = {κ i : i ∈ N} with respect to the standard ordering ≤ on the natural numbers. Let us take another well-ordering ≤ π determined by some permutation π of N in that the ordering ≤ π is given by
Define a function such that
Then for any α ∈ S we have iα ≤ iκ r for all i ∈ N and for some r ∈ N. In particular, rα ≤ rκ r and so for n ≥ r we have
Hence nα ≤ π n . Thus is a dominating function for S. Example 2.6. Let E ⊆ T N denote the set of all functions α in T N such that iα is an even number, for every i ∈ N. This set is clearly not dominated in T N , since any candidate κ for a dominating function fails to dominate 2κ ∈ E. We see, however, that E is dominated with respect to a different (and non-isomorphic) well-ordering of N. Define an order so that every even number lies below every odd number, and the natural order is maintained within the set of all even and the set of all odd numbers. It is clear that the function α ∈ T N , defined by nα = 1, dominates E with this well-ordering.
Remark 2.7. We note that, if the original ordering of N in Theorem 2.5 is not taken to be the natural well-ordering (or a well-ordering isomorphic to the natural well-ordering) then the result does not necessarily hold. To see this, we define a well-ordering on N such that every even number lies above every odd number. This well-ordering is isomorphic to the order in the previous example, but the set E is not dominated with respect to this ordering.
Binary relations
We now consider some of the problems from above and from [8] in a more general setting. Throughout the following, let X be an infinite set and let B X denote the semigroup of all binary relations on X.
We note that the argument used to prove both Sierpiński's result and its generalisation to the semigroup of all binary relations can equally well be used to prove the analogous result for partial maps. For completeness, we state this result. Proposition 3.1. Let Y be any infinite subset of X and let S denote the subsemigroup consisting of all elements in T X which fix X \ Y pointwise. Then any countable subset of S is contained in a two-generated subsemigroup of S. In particular, the relative rank of S modulo any subset is either uncountable or at most 2.
In the case that Y = ∅ we obtain Proposition 1.1 and in the case that |X \ Y | = 1 we have: Corollary 3.2. Any countable subset of the partial transformation semigroup P X is contained in a two-generated subsemigroup of P X . In particular, the relative rank of P X modulo any subset is either uncountable or at most 2.
We now consider the relative rank of B X modulo some standard subsemigroups, simulating the results in [8] . We begin by finding the relative rank of B X modulo the set of all injective mappings in T X . Theorem 3.3. The relative rank of B X modulo T X ∩ I X is one.
Proof . Partition X into three disjoint subsets Y , Z and W , with |Y | = |Z| = |W | = |X|. Similarly, partition Y and Z into disjoint subsets Y x and Z x (x ∈ X), again with |Y x | = |Z x | = |X|. Let ρ ∈ T X ∩ I X be any bijection from X to Y , and for all x ∈ X let δ x be any bijection from Z x to X. Define ∆ ∈ B X by
Let α ∈ B X be arbitrary. Let σ ∈ T X ∩ I X be any mapping which takes |xα| elements of Y x injectively to xαδ −1
x (⊆ Z x ) for all x ∈ dom(α) and which takes the remaining elements of X to W injectively. For x ∈ dom(α)
and for x ∈ dom(α) we have xρ∆σ ⊆ W and so xρ∆σ∆ is undefined. We have shown that α ∈ T X ∩ I X , ∆ and so B X = T X ∩ I X , ∆ .
Corollary 3.4. The relative rank of B X modulo T X or I X is one.
Recall that a cardinal κ is singular if there exist sets Y and Z y for y ∈ Y such that |Y | < κ and |Z y | < κ but
A cardinal is called regular if it is not singular. For more details about singular and regular cardinals see [5] or [9] .
Next, we prove the main result in this section, which is a characterisation of all subsets U of B X such that T X ∪ U = B X , in the case where |X| is regular. (ii) dom(β) X; (iii) there exists Z ⊆ dom(β) such that |Z| = |X| and the sets zβ (z ∈ Z) are pairwise disjoint.
Proof . (⇐)
We prove the converse implication by showing that every element of B X can be written as a product of elements of T X , α and β. In fact, we prove that every relation γ ∈ B X has a factorisation γ = ρασβπ, where ρ, σ, π ∈ T X .
To see this, let ρ be any bijection from X to Y . Partition Z into disjoint sets Z x (x ∈ X) each of cardinality |X|. Let σ be any mapping which takes y 0 α\( y∈Y \{y0} yα) to Z y0ρ −1 injectively for each y 0 ∈ Y such that y 0 ρ −1 ∈ dom(γ), and which takes everything else to a fixed element x 0 ∈ X \ dom(β). Finally, let π ∈ T X be any mapping such that (Z x β)π = xγ for every x ∈ dom(γ). Then for x ∈ dom(γ) we have
It is clear that xρασβπ is not defined for x ∈ dom(γ).
(⇒) We prove the direct implication using the following two lemmas. Let S 1 denote the set of all relations that fail to satisfy at least one of Conditions (ii) and (iii), and let S 2 denote the set of all relations not satisfying Condition (i).
Lemma 3.6. The set S 1 is a proper subsemigroup of B X containing T X but not P X .
Proof . We see that T X ⊆ S 1 since no element of T X satisfies Condition (ii). Any proper partial identity map satisfies both Conditions (ii) and (iii) and so P X is not contained in S 1 .
We show that S 1 is a semigroup by demonstrating that
So suppose that αβ satisfies Conditions (ii) and (iii), and that β fails to satisfy at least one of (ii) and (iii). Let Z be such that Z ⊆ dom(αβ), |Z| = |X| and the sets zαβ (z ∈ Z) are non-empty and disjoint. For each z in Z we may choose t z in zα such that t z ∈ dom(β). The elements t z (z ∈ Z) are all distinct: if t z = t w (w, z ∈ Z, w = z), then t z β ⊆ zαβ, t w β ⊆ wαβ and so zαβ ∩ wαβ = ∅, a contradiction. Thus T = {t z : z ∈ Z} ⊆ dom(β), and |T | = |Z| = |X|. Also, since t z β ⊆ zαβ for all z, the sets t z β are disjoint. Thus β satisfies (iii), and so, by our assumptions, does not satisfy (ii). That is, dom(β) = X. It now follows that α satisfies (iii), since there exists Z ⊆ dom(αβ) ⊆ dom(α) such that |Z| = |X|, and certainly the sets zα (z ∈ Z) are disjoint. Since dom(αβ) X and dom(β) = X, it follows that dom(α) X, and so α / ∈ S 1 .
Lemma 3.7. If |X| is a regular cardinal then S 2 is a proper subsemigroup of B X containing P X .
Proof . That P X ⊆ S 2 is obvious since no mapping satisfies Condition (i). Suppose now that αβ satisfies Condition (i). We show that either α or β satisfies Condition (i). There exist disjoint sets
, it is easy to see that these sets are disjoint. If |X| of the sets Y x have cardinality |X| then α satisfies Condition (i). Otherwise, β satisfies Condition (i).
It follows from these two results that if U contains no element satisfying Condition (i) then T X ∪ U ⊆ S 2 B X or if U contains no element satisfying Conditions (ii) and (iii) then T X ∪ U ⊆ S 1 B X , and the results follows.
This proof does not explicitly rely on the fact that the maps we are considering are full maps. We may easily modify this result so that it holds for partial maps as well. Here we do not need a mapping β satisfying (ii) and (iii). Instead, in the (⇐) part of the proof we can use a partial map ξ which maps y 0 α \ y∈Y \{y0} yα onto y 0 ρ −1 γ and is otherwise undefined, to express an arbitrary γ in B X as ραξ. Thus we have:
Corollary 3.8. The relative rank of B X modulo P X is one. Furthermore, if |X| is a regular cardinal and U ⊆ B X is arbitrary, then P X ∪ U generates B X if and only if U contains a relation which satisfies Condition (i) in the previous theorem.
It follows from Proposition 1.7 that the relative rank of B X modulo both the symmetric group S X or the set of idempotent relations BE X is less than or equal to two. Indeed, if we partition X into disjoint sets Y and Z, with |Y | = |Z|, then for any bijection β from Y to Z the mapping α ∈ T X defined by
is an idempotent with α Y = β. That rank(B X : S X ) ≤ 2 and rank(B X : BE X ∩ T X ) ≤ 2 also follows from Corollary 3.4 and [8, Theorem 3.3] . We show, in both cases, that these bounds are sharp:
Theorem 3.9. The relative rank of B X modulo the symmetric group S X is two.
Proof . Observe that B X is the union of the semigroups T 1 = {α ∈ B X : dom(α) = X} and T 2 = {α ∈ B X : dom(α) X} ∪ S X . Now, if S X , µ = U then µ ∈ T 1 or µ ∈ T 2 , and so either U ⊆ T 1 B X or U ⊆ T 2 B X . Hence rank(B X : S X ) > 1.
A similar argument can be applied to the set of all full surjective mappings to give: Corollary 3.10. The relative rank of B X modulo the set of all surjective mappings in T X is two.
We now consider the set BE X of all idempotent relations in B X . In order to prove that the bound given above is sharp we require the following lemmas.
Lemma 3.11. If αβ ∈ S X and α 2 = α, then α = 1 X . Likewise, if β 2 = β then β = 1 X .
Proof . Suppose that there exist x, y in X such that x = y and (x, y) ∈ α. Since αβ ∈ S X , there exist z, t ∈ X such that (y, z) ∈ α, (z, t) ∈ β. From (x, y) ∈ α and (y, z) ∈ α we deduce that (x, z) ∈ α 2 = α. But then t ∈ xαβ ∩ yαβ, a contradiction. To prove the second half, observe that (β −1 ) 2 = β −1 and β
Lemma 3.12. For α, β ∈ B X , if αβα ∈ S X then β ∈ S X .
Proof . Clearly, α is surjective, dom(α) = X and α im(αβ) is a surjective map. For each x ∈ im(αβ) there is exactly one element in xα, since αβα is a map. Now, x ∈ dom(αβα)(= X) and so xα ∈ dom(βα) for all x ∈ im(αβ). Therefore, X = im(α im(αβ) ) ⊆ dom(βα), which implies that X ⊆ dom(β). It follows that α is injective, for if x = y then t ∈ xα∩yα implies that tβα ⊆ xαβα ∩ yαβα, a contradiction.
The same argument applied to α −1 β −1 α −1 yields that α −1 is injective, which is equivalent to α being a partial mapping. Hence α ∈ S X , and from this it easily follows that β ∈ S X , as required.
We use these two lemmas to prove: Theorem 3.13. The relative rank of B X modulo the set of idempotent relations BE X or modulo T E X (= BE X ∩ T X ) is two.
Proof . Suppose that BE X , µ = B X for some µ ∈ B X and let π ∈ S X . We may write π = γ 1 γ 2 · · · γ n where γ i ∈ BE X ∪ {µ}. We proceed to show, by induction on n, that γ i ∈ {1 X , µ} for each i. By Lemma 3.11 we may assume that γ 1 = γ n = µ. Hence in the case that n = 1, or 2, our hypothesis is verified. For n > 2 we have γ 2 · · · γ n−1 ∈ S X by Lemma 3.12, and by induction γ 2 , . . . , γ n−1 ∈ {1 X , µ}, as required.
Inverse semigroups
We now consider many of the same questions for the symmetric inverse semigroup I X as we have so far considered for the semigroup of binary relations and the full transformation semigroup.
Remark 4.1. In this section, we shall consider a different definition of relative rank. For a subset A of an inverse semigroup S we define the relative rank of S modulo A to be the minimum cardinality of any set B ⊆ S such that the inverse subsemigroup generated by A ∪ B equals S. The important point to note is that we may use the inverses of elements of A ∪ B.
The first important question to answer is whether every countable inverse subsemigroup is contained in a two-generated inverse subsemigroup of I X . We shall show that this is, in fact, the case. Following from this, and more importantly for our purposes here, we show that the relative rank of every inverse subsemigroup of I X is uncountable or at most 2. A more interesting question is whether, or not, the relative rank of every inverse subsemigroup of I X is uncountable or at most 1 (as is the case with groups). Proposition 4.2. Any countable subset S of the symmetric inverse semigroup on X is contained in a two-generated inverse subsemigroup of I X .
Proof . The proof is similar to the proof of Sierpiński's result, the essential difference being that here we are dealing with inverse subsemigroups and so allow ourselves to use inverses of generators.
Let the countably many members of S be α 1 , α 2 , . . . . Partition X into a countable disjoint union of infinitely many sets X 0 , X 1 , . . . , X n , . . . , all of the same cardinality as X, and similarly partition X 0 into X 0,1 , X 0,2 , . . . , X 0,n , . . . , again all of the same size as the set X.
Let β ∈ I X be any partial bijection that maps X n bijectively onto X n+1 for all n = 0, 1, 2, . . . . We have dom(β) = X and im(β) = X \ X 0 .
Our second partial bijection γ ∈ I X maps X n bijectively onto X 0,n for all n ≥ 1. We see that βγβ n is a well defined bijection from X onto X n , and so δ n = βγβ n γ is a well defined bijection from X to X 0,n .
So far, γ is defined on X \ X 0 with its image lying in X 0 . We may therefore complete the definition of γ by defining xδ n γ = xα n βγβ n ∈ X n (n ≥ 1) for all x ∈ X. Since α n = δ n γβ −n γ −1 β −1 we obtain the factorisation
and so S is contained in the inverse subsemigroup generated by β and γ.
Again, using the same argument as Corollary 1.2, we obtain Corollary 4.3. The relative rank of a subset S of I X , where X is infinite, is either uncountable or at most 2.
A consequence of Proposition 4.2 is the well known result that any countable inverse semigroup can be embedded in a two-generated inverse semigroup, attributed in [4] to C. J. Ash.
We now consider the relative rank of the symmetric inverse semigroup modulo some of the standard inverse subsemigroups. We require the notion of the defect of a map α, which is simply the cardinality of the complement of the image of the map: d(α) = |X \ im(α)|. We extend π to π ∈ S X so that (im(µ) \ dom(α)µ)π ⊆ X \ im(µ); (4.1)
we can do this because |X \ im(µ)| = d(µ) = |X|. For x ∈ dom(α) we have
On the other hand, if x / ∈ dom(α) then xµ ∈ im(µ) \ dom(α)µ, so that (by (4.1)) xµπ ∈ X \ im(µ) and xµπµ −1 is undefined. Hence α = µπµ −1 ∈ S X , µ . Thus I X = S X , µ , as required.
Next, we determine the relative rank of I X modulo IE X the set of idempotents in I X . First, we record the following well known and easily verified fact: Lemma 4.6. The set of idempotents in the symmetric inverse semigroup is the set of all partial identity maps.
For details see [7, Theorem 5.1.5] .
Theorem 4.7. The relative rank of I X modulo IE X is |I X |.
Proof . Let A be any subset of I X such that IE X , A = I X . Then by Lemma 4.6 every element of IE X , A is a restriction of an element of A . Since every element of S X is not the proper restriction of any element of I X it follows that A must contain a generating set for S X . Thus |A| ≥ |S X | = |I X |. Open Problem. Is it true that the relative rank of a subset S of I X is either uncountable or at most 1?
